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Two-Timescale-Integration Method for Inverse Simulation
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The integrationmethodis extensivelyappliedin the inverse simulationofaircraftmotionwhere control inputsare
determined once a maneuver or � ight task is assigned. In many circumstances the presence of multiple timescales
and right half-plane transmission zeros in aircraft dynamics introduces problems of accuracy and stability in the
numerical algorithm. This paper presents a formulation for inverse simulation problems where the concept of
timescale separation is merged into an integration technique and a constrained optimizationmethod. Two subscale
problems are solved separately for the slow and fast timescales and a numerical algorithm is devised that presents
signi� cant advantages in terms of numerical ef� ciency and robustness. The technique accounts for the issue of
control saturation and lends itself to applications where the aircraft trajectory is given as a function of time. The
results of the study show the improved performances of the technique in comparison with an integration method
that is based on the local optimization concept.

Nomenclature
b = wing span
Cl , Cm , Cn = moment coef� cients
CT = thrust coef� cient
CX , CY , CZ = force coef� cients
Nc = mean aerodynamic chord
g = gravity acceleration
J = Jacobian matrix
Jx , Jy , Jz = moments of inertia
Jx z = product of inertia
k1; k2 = curvature and torsion
LB I ; LBW ; = transformationmatrices
LI W ; LI F

M = Mach number
m = aircraft mass
Q = dynamic pressure
R = .RN ; RE ; RD/T inertial coordinate vector (North,

East, and down, respectively)
s = curvilinear abscissa
t = time
u = control vector
V = velocity modulus
V = velocity vector
x = state vector
y = output vector
® = angle of attack
¯ = sideslip angle
° , ¹, Â = � ight path, bank, and heading angles
1t = time interval of the slow dynamics
±A , ±E , ±R = aileron, elevator, and rudder angles
±T = thrust level
±t = time interval of the fast dynamics
±tc = time delay
±´ = time step for the numerical integration
³ , !n = damping coef� cient and bandwidth of the � lter
» = c.g. position in the Frenet triedron
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½ = air density
U = .Á; µ; Ã/T Euler angle vector
X = .p; q; r/T angular velocity vector

Subscripts

C = commanded
DES = desired
F = fast timescale
S = slow timescale
s = saturation

I. Introduction

T HE purpose of this paper is to present a method for the inverse
simulation that is based on the idea of timescale separation

(TSS). The proposed technique is aimed at the realization of a new
algorithm that produces signi� cant improvements to existing meth-
ods for critical applications.

In recent times the inverse simulation of aircraft motion, where
control inputs are to be determined for a prescribed � ight maneuver
or task, has counteda growing number of successfulapplicationsin
� ight mechanics. About a decade ago, a method of solution of the
inverse problem, � rst approached in Ref. 1, found its application to
the evaluation of the feasibility of prescribed maneuvers for a high
performance aircraft model.2 At the same time and in the wake of
the � rst studies,Ref. 3 presented the inverse simulationas a method
for quantifying the inherent agility of a helicopter. In this last case,
once the time histories of the controls and the resulting states are
determined for an assignedstandardmaneuver, the helicopter’s per-
formance is rated by a quadratic performance function of input and
state variables. The same technique as in Ref. 3 is then extended4

to predict the maximum maneuvering performance of a helicopter
con� guration during a speci� c mission. Both the issues of agility
and maneuverability are considered in Ref. 4 and are represented,
respectively, by the rate damping (or bandwidth) of the pitch and
roll responses, and by the maximum load factor capability and the
maximum pitch and roll rate capability.More recently inverse sim-
ulation is used to obtain a preliminary evaluation of the helicopter
handling qualities5 because it allows for the computation of the
quicknessvalues of the roll and control responseson assigned � ight
paths, and to investigate short timescale metrics of aircraft agility.6

The technique in Ref. 6 is able to predict both the time history of
the control inputs and the � ight path that maximize the attainable
value of a speci� ed component of the agility vector.

A second, relevant � eld of application of inverse simulation
is in the design of � ight control systems. In this respect, Hess
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and Gao7 demonstrated that the inverse solution can be used to
formulate task-drivenbandwidth requirementsfor the design of sta-
bility augmentation systems. In a different framework, algorithms
based on the solution of an inverse problem are developed to real-
ize feedforwardcommand generators for guidancecontrollers.This
kind of application is proposed in Ref. 8 and is fully exploited in
a recent study by Boyle and Chamitoff,9 where the characteris-
tics of an autonomous guidance system for an uninhabitated aerial
vehicle (UAV) are reported. Here, the control system features a
guidance subsection that generates local trajectory commands, an
inverse simulation algorithm for the determinations of the input
commands necessary to follow the speci� ed � ight path, and a linear
quadratic tracking controller to account for nonmodeled dynamics
and external disturbances. The performances of the controller ap-
pear to improvesigni� cantlywhen the valuesof thecontrolvariables
calculated by inverse simulation are implemented in the reference
command signal.

The guidance system reported in Ref. 9 is worth some further
discussion. In fact, it represents a guidance controller where the
determination of the control inputs and the implementation of a
tracking control system are addressed separately to realize a system
suitable for real-time applications.This techniquemay be regarded
as a possible alternative to the design of real-time trajectory con-
trollersbasedon TSS.10¡12 In these controllers,the guidancecontrol
algorithmrelies on the solutionof an inverse kinematic problem for
the slow dynamics, and on a nonlinear inverse dynamics solution
for the fast dynamics.

The issue of TSS is again considered in the present study, where
two distinct, lower-order problems are formulated for the slow
and fast timescales of the aircraft dynamics, and the control vari-
ables of the slow timescale are determined by solving an algebraic
problem,13 as will be shown in the sequel. The use of this proce-
dure in inverse simulationeliminates unwanted effects that occur in
the numerical accuracy and the stability of the solution algorithm
when states associated to very different timescales are dealt with,
and determinesa signi� cant improvementin terms of computational
time. The proposed method that is, at least partially, founded on the
integration approach7 and on a local optimization technique14 is
particularly dedicated to those applications where the constrained
output is a time-de� ned three-dimensional (four-dimensional) tra-
jectory, because in these cases the presence of very slow and very
fast states11 can be a severe limitation for � nding a realistic solu-
tion. Furthermore,a proper selectionof the constraintsand of a local
performanceindexallowsfor the solutionof problemswhere the tra-
jectory is not fully de� ned.Finally,controlamplitudeand rate canbe
constrainedto avoidthecomputationof unfeasiblesolutionsbecause
of the actuatorsaturation.In turn, the techniqueshouldeliminate the
disadvantages of the other integration methods, while providing a
fast, ef� cient, and robust algorithm for the inverse simulation.

In the following,after giving a concise report and a critical review
on the state of the art in the � eld of the inversesimulation, the princi-
pal featuresof the proposed techniqueare presentedin Sec. II. Then,
the details of our method are given in Sec. III, and the applications
are introducedand discussed in Sec. IV. In the same section the sub-
sonic model for the F-16 � ghter, which was considered throughout
this work as a reference aircraft, is also brie� y described.

II. Solving Inverse Simulation Problems
The algorithms proposed for the inverse simulation and adopted

in one or the other of the applications cited in Sec. I fall into three
distinct categories that correspondto techniquesbased on optimiza-
tion, numerical differentiation,and numerical integration.The rele-
vant aspectsand the openproblemsassociatedwith each of the three
methodshavebeendiscussedin somedetail in the literature.Our � rst
objectivehere is to recalland comparebrie� y the various techniques
and then to introduce a new approach to the integration method.

Optimization Methods
The formulation of the inverse problem as an optimization prob-

lem is proposed in Ref. 8 and more recently in Ref. 15, for the
inverse simulation of the aileron roll of a A4D aircraft model. The
study by Sentoh and Bryson8 presents a linear quadratic technique

for feedforward control design to solve a nominal problem, i.e., a
problem where the number of controls (±A, ±E , ±R ) is equal to the
constrained outputs (p, y, z). The solution provides feasible and
well-coordinated controls although, as a limitation, the assigned
outputs cannot be realized with precision.This shortcoming occurs
because the method is based on the minimization of the integral
square deviation of the calculated trajectory from the prescribed
one under constraints on the control variables.

A different technique15 is based on a variational approach where
a general optimization problem is solved with equality constraints
enforced on the output variables. In redundant problems, where the
numberof controlsis greaterthan thenumberof theoutputvariables,
a proper selectionof the performanceindex and of the constraints is
shown to determine well-coordinated responses with reduced con-
trol de� ections.A signi� cant advantageof this last technique is that
neither the differentiation in time of the path constraints as in the
differentiation methods nor the partial differentiation of the output
variables with respect to the control variables as in the integration
methods is required. In Ref. 15 the governing set of equationsof the
system is in the form

Px D f .x; u; t/; x 2 R5; u 2 R3 (1)

and the Jacobian matrix @f=@x is analytically expressed for a sim-
ple A4D model where the forward velocity is constant, and a lin-
ear aerodynamic model and quasilinear kinematics are considered.
When more complete aircraft models featuring nonlinear aerody-
namics and/or control and stability augmentation system, or heli-
copter models are dealt with, the analytical expression of @f=@x
introduces such a signi� cant overheadas to inhibit the applicability
of the technique.

Differentiation Methods
Techniquesbasedon thedifferentiationapproachreducethe set of

differentialequationsof motion to an algebraicsystem by numerical
differentiation of the assigned trajectory constraints. The solution
algorithm is fast enough from the computational point of view so
that real-time solutions are provided that are suitable for onboard
implementation.Relevantcontributionswhere this approach is used
are those presented in Refs. 1, 3, 5, 9, and in the study by Rutheford
and Thomson,16 where a detailed examinationof the method is pre-
sented in comparison with the integration techniques. In Ref. 16 it
is shown that the major limitation of the differentiation approach
is the coupling between the mathematical model and the inverse
solution algorithm that needs signi� cant restructuringfor any mod-
i� cation of the vehicle model. Also, it has been highlighted8;15 that
problems may arise in some applicationswhere the assigned output
is hardly achievable, in the form of infeasibleor poorly coordinated
solutions with unacceptablesecondaryoutputs.Finally, as a further
and maybe essential drawback, we observe that the method is not
suitable for the solution of redundant problems.

Integration Methods
The integration approach relies on the numerical integration of

the equations of motion for a sequence of time intervals ±t. Each
control variable, which is usually assumed constant within the time
step ±t , is modi� ed until, at the end of the same interval, the output
variables are brought to the desired value. The same procedure is
then repeated step by step for the whole duration of the considered
maneuver. Among others we cite here the earlier applications of
the method17;7 and two papers14;16 where some improvementsto the
basic approach are provided. Probably the major advantage of this
method lies in its generality because different vehicle models can
be implemented without modi� cations of the inversion algorithm.
Furthermore,the techniquecan dealef� cientlywith redundantprob-
lems througheither theconceptof generalizedinversematrix17 or, as
reported in Ref. 14, by a local optimizationmethod where a suitable
cost function is minimized to tailor the inverse solution according
to desired prerequisites. Also, using the latter procedure, the con-
trols and states can be bounded, respectively,to keep the problemof
saturationunder controland limit the variationof secondaryoutputs.

On the other hand, the integrationmethods suffer from some lim-
itations and some unresolved problems that are mainly related to
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the important issue of numerical stability.In this respect the conclu-
sions presented in Refs. 18 and 16 are of great interest. In summary,
a � rst aspect is related to the poor accuracy of solutions that are
obtained by using a too small discretization interval ±t , because of
the errors carried by uncontrolledstate variables.18 Then, and prob-
ably more important, accuracy and stability problems may arise as
a result of the evaluation of the Jacobian matrix J D @y=@u. The
elements of J depend on dynamic states and consequently their nu-
merical approximation, which is computed by simulation at each
time step, is signi� cantly affected by the length of the discretization
interval. This is by no means a problem of numerical accuracy in
the classical sense but rather a natural consequenceof the presence
of multiple timescales in the system dynamics. In this respect, the
effect of ±t on the global stabilityof the integrationmethod is exam-
ined in Ref. 19, where a discretemodel of the algorithmof Ref. 17 is
derived.One can immediatelyobserve that the correct evaluationof
the Jacobian may represent a subtle task when nonminimum-phase
systems are taken into consideration. In aircraft and helicopter re-
sponse, right half-plane transmission zeros are present because of
the coupling between the generationof control forces and moments
that are associated, respectively, to slow and fast dynamics.

In Ref. 16 it is emphasized that ±t cannot be too small to allow
the transient dynamics of the system to settle and hence to realize a
good predictionof the effect of controls on the longer term dynam-
ics. To the same goal, in Ref. 14, the desired value of the output is
imposed with a delay ±tc such that, as far as an accurate estimate
of the Jacobian matrix J is concerned, the short-perioddynamics of
the aircraft subside. As a further observation, it is shown in Ref. 16
that the unstable oscillations in the inverse solutions are completely
eliminated provided that the components of the c.g. inertial accel-
eration are given as outputs instead of the Cartesian coordinates. It
is evident that removing very slow states from the inverse problem
leads to a better quality of the results.

We can now recognize that the advantages of an integral tech-
nique will be further exploited when the shortcomings associated
to the multiple scales and right half-plane zeros in the aircraft re-
sponse are properly dealt with. Here the approach based on TSS is
applied to the solution of inverse problems and we retain the basic
assumption, already discussed in a number of studies,11;12 that the
control variables of the fast dynamics and the components of the
angular velocity have a negligible effect on the slow dynamics.

The TSS concept is adopted in a recent work,13 where use is
made of the intrinsic or Frenet coordinate system to obtain a fast
and stable forward integration procedure for the aircraft equations
of motion. In the present study, once the c.g. motion is decoupled
from the attitude dynamics over a time interval of the order of the
long timescale, the slow, trajectory-relatedvariables are expressed
by a proper expansion of the � ight path in the Frenet triad to deal
with an algebraic problem for the slow dynamics.13 In this way two
uncoupledinversesubproblemsare formulated,the � rst ofwhich,on
the slow timescale, is algebraic and redundant,whereas the second,
for the fast timescale, attitude variables is dynamic and nominal. In
both cases, the solution, in terms of unknowncontrolsor pseudocon-
trols to be determined, is provided by the constrained optimization
method of Ref. 14. In particular, on the slow timescale one evalu-
ates the thrust level ±T and, as pseudocontrols,the angle of attack N®,
the sideslip angle N̄, and the bank angle of the lift vector N¹, whereas
the aerodynamic control angles ±E , ±A , and ±R are the unknowns
of the fast timescale problem.

III. Analysis
In this sectionwe presentthemethodfor the solutionof the inverse

problemon two timescales.Consideringzero ambientwind, the � at-
Earth equations of motions for the aircraft c.g. are written in wind
axes FW , whereas, as usual, the equations for the attitude dynamics
are in a body-� xed reference frame FB .

Slow Timescale
The state and control vectors for the slow dynamics are, respec-

tively, xS D .V; Â; ° ; R/T and uS D . N®; N̄; N¹; ±T /T where N®, N̄, and
N¹ can be interpretedas pseudocontrols.The pointmass equationsfor

the c.g.dynamicsand the kinematic relationsfor the c.g. coordinates
in the inertial frame are as follows:

PV D
QS

m
[.CT C CX / cos N® cos N̄ C CY sin N̄

C CZ sin N® cos N̄] ¡ g sin °

PÂ D
QS

mV cos °
f[¡.CT C CX / cos N® sin N̄

C CY cos N̄ ¡ CZ sin N® sin N̄] cos N¹
(2)

C [.CT C CX / sin N® ¡ CZ cos N®] sin N¹g

P° D
QS

mV
f[.CT C CX / cos N® sin N̄ ¡ CY cos N̄

C CZ sin N® sin N̄] sin N¹ C [.CT C CX / sin N®

¡ CZ cos N®] cos N¹g ¡
g

V
cos °

PRN D V cosÂ cos°; PRE D V sin Â cos°
(3)

PRD D ¡V sin °

where Q D 0:5½.RD /V 2 and CT D CT .V; RD; ±T /. Unless a simpli-
� ed formof thepolarcurveof theaircraftis assumed,thecoef� cients
CX , CY , and CZ are usually given in tabular form as functions of ®
and ¯ . If the inertial coordinates RDES.t/ of a desired trajectory are
assigned as a function of time, then the elements of the constrained
output vector ySDES D [V .t/; Â.t/; ° .t/]T

DES are expressed as

V .t/ D j PRj; Â.t/ D tan¡1. PRE = PRN /
(4)

° .t/ D ¡sin¡1. PRD =V /

In other circumstances the four-dimensionaltrajectory may be pro-
vided in terms of the magnitude and direction of the velocity vector
vs time so that the desired values of V , ° , and Â are already known
and Eqs. (4) are not used.

As was said previously in this paper, a way to evaluate the co-
ordinates in a direct algebraic form is to make use of the intrinsic
coordinates.Let us recall that the Frenet or intrinsic reference frame
FF is a triad � xed to the trajectory, with unit vectors in each point
of the curve that are directed along the local tangent, radius of cur-
vature, and binormal. Consider the position of FF � xed at a given
time t0 and let s.t ¡ t0/ be the curvilinear coordinate along the c.g.
trajectory with s.0/ D 0. In this set of axes the � ight path can be
approximated by a cubic helix, according to the expansion13

».s/ D

s ¡
s3 k2

1 0

3!

s2.k1/0

2!
C

s3.k 0
1/0

3!

s3.k1k2/0

3!

(5)

which is accurate to the third order in s and where the superscript
.0/ stays for derivative with respect to s. Furthermore, to the same
order of accuracy in t, one has

s.t ¡ t0/ D V0.t ¡ t0/ C
PV0.t ¡ t0/

2

2!
C

RV0.t ¡ t0/3

3!
(6)

The expressionsof the curvatureand torsion,namely k1 and k2, are20

k1 D .1=V 2/.j RRj2 ¡ PV 2/
1
2 (7)

k2 D
detf PR; RR; RRPg

V 2.j RRj2 ¡ PV 2/
(8)

and k 0
1 D Pk1=V . After introducing Eq. (6) in Eq. (5) and taking into

account Eqs. (7) and (8), a third-order accurate approximation for
R.t/ can be obtained

R.t/ D R.t0/ C LI F .t0/».t ¡ t0/ (9)
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where the transformation matrix LI F from the Frenet frame to the
inertial frame is expressed as

LI F .t0/ D . PR=V ; n=jnj; QPRn=V jnj/0 (10)

In Eq. (10) n D RR ¡ PR PV =V and QPRn is the matrix equivalent of vec-
tor product. It is worth remarking that in straight-line � ight k1 D 0,
n D 0, and k2 is undetermined.This apparent disadvantageof using
the Frenet triad is easily eliminated. The aforementioned circum-
stance corresponds, in terms of constrained output, to PÂ D P° D 0,
and Eq. (9) still holds in the form

R.t/ D R.t0/ C . PR=V /0 s.t ¡ t0/ (11)

because all of the quantities to be evaluated are in the direction of
the local tangent.

Using Eq. (9) an estimate of the aircraft position at time t is ob-
tained once the � rst, second, and third derivativesof R are evaluated
at t0 . In this respect, PR0 is immediately determined by Eqs. (3),
and RR0 is evaluated after Eqs. (3) are analyticallydifferentiatedand
Eqs. (2) are used to express PV , PÂ , and P° . Finally, RRP

0 is written as

RRP
0 D @ RR

@xS 0

PxS.t0/ C @ RR
@uS 0

PuS.t0/ (12)

where @ RR=@xS and @ RR=@uS are numerically evaluated by centered
� nite differences, PxS is given by Eqs. (2) and (3), and provided that
PuS.t/ is also available. At this point, being PR.t/ D LI F .t0/ P».t ¡ t0/
as obtained by differentiation of Eq. (9) with respect to t [or
PR.t/ D . PR=V /0 Ps.t ¡ t0/ from Eq. (11) for straight-line � ight], the
slow states at time t are determined according to Eqs. (4), and, in
concise form, we can write

xS.t/ D F[xS.t0/; uS.t0/; PuS.t0/; t ] (13)

An algorithm based on the preceding expansions is now pre-
sented.Let ti ¡ 1 and ti be theboundsof the i th discretizationinterval,
the duration of which is 1t , and let the state xS.tk / and the control
uS.tk C 1=2/ bealreadyknownfor 1 · k · i ¡ 1. Also, note that in the
slow-time problemthe state is assigned in the nodes ti , whereras the
values of the controls are evaluated in the semi-intervals. We have
to determine the control vector u.¤/

S .ti C 1=2/ that realizes the desired
value of the output yS at time ti C 1. To this end, a suitable guess
u.0/

S .ti C 1=2/ is considered, and uS.ti / and PuS.ti / are expressed as

uS.ti / D
uS.ti ¡ 1=2/ C u.0/

S .ti C 1=2/

2
(14)

PuS.ti / D
u.0/

S .ti C 1=2/ ¡ uS.ti ¡ 1=2/

1t

Then, use is made of Eqs. (5), (7), (8), and (10), now written for
t0 D ti , to obtain from Eq. (9) a third-order accurate approximation
of the output vector at the time ti C 1 and we may thus write

yS.ti C 1/ D G[xS.ti C 1/]

D G F xS.ti /; uS.ti ¡ 1=2/; u.0/

S .ti C 1=2/; ti C 1 (15)

Since the slow timescale problem expressed by Eq. (15) can be
considered as an inverse problem when u.¤/

S .ti C 1=2/ is to be deter-
mined such that the constraint yS.ti C 1/ D ySDES.ti C 1/ is satis� ed,
then the solution is obtained by a constrained optimization algo-
rithm. In fact, the set of Eq. (15) is algebraic and has one degree of
redundancy as yS 2 R3 and uS 2 R4 . The redundancy is exploited
either by imposing a further constraint, such as a zero sideslip an-
gle, or by introducinga local penalty index to realize some desirable
propertiesfor the resultingmaneuver. In this lattercase, for instance,
we canobtainminimumthrustvariation,orminimum¯ whena � ight
with zero sideslip is not feasible.

At the end of this sectionwe should recall that the pseudocontrols
N®, N̄, and N¹ that have just been determined de� ne the assigned
output variables for the fast timescale problem. In this respect their

expressions in the time interval [ti ¡ 1I ti ] must be evaluated in such
a way to preserve their continuity and the continuity of their � rst
derivatives at the bounds of the same interval. Therefore, by using
the values of uS and PuS at t D ti ¡ 1 and ti as computed according to
the form of Eqs. (14), the control vector is interpolated by a third-
order polynomial in the interval [ti ¡ 1I ti ] to obtain a control law
uS.t/ of class C1 .

Fast Timescale
In the fast timescale the state vector is xF D .X ; U /T and the

control vector is uF D .±A; ±E ; ±R /T . The equations governing the
short-term dynamics can be expressed as follows:

PX D

Ap Jz C Ar Jx z

Jx Jz ¡ J 2
x z

Jx z.r 2 ¡ p2/ C .Jz ¡ Jx /pr C QS NcCm

Jy

Ar Jx C A p Jx z

Jx Jz ¡ J 2
x z

(16)

PU D
1 sin Á tan µ cos Á tan µ

0 cos Á ¡sinÁ

0 sin Á sec µ cos Á sec µ

X (17)

where

Ap D Jx z pq C .Jy ¡ Jz/qr C QSbCl

Ar D ¡Jxzqr C .Jx ¡ Jy/pq C QSbCn

The aerodynamicmoment coef� cients Cl , Cm , and Cn dependon N®,
N̄, X , and uF .

Now theproblemis � ndingthecontrollawthatrealizesthedesired
variation of the angle of attack N®, the sideslip angle N̄, and the bank
angle N¹, as suppliedby the algorithmfor the inverse problem of the
slow timescale. The variables to be tracked are the attitude angles
.Á; µ; Ã/DES D U T

DES, that are determined by the equation

LBI .U DES/ D LBW . N®; ¡ N̄/LW I . N¹; °; Â/ (18)

when we take N®, N̄, N¹ from uS and ° , Â as obtained from the
integration of Eqs. (2).

At this point we observe that U DES has the same C 1 class of
continuity as uS . Therefore, to avoid a discontinuityon PX (function
of RU DES) at the bounds of the interval [ti ¡ 1I ti ] that would lead to a
noncontinuousvariationof uF , the commandedattitude U C is given
the following dynamics:

RU C C 2!n³ PU C C !2
n.U C ¡ U DES/ D 0 (19)

where a bandwidth !n of 10 rad s¡1 has been selected as suggested
in Ref. 11, and the damping coef� cient is ³ D 0:9. When Eq. (19) is
used, the resulting control law uF .t/ is well behaved.

In the fast timescale we have a nominal problem because the
output yFDES D U C 2 R3 is to be realized by the three moment-
generating controls ±A , ±E , and ±R . The inverse solution is ob-
tained by the integration technique reported in Ref. 14 that relies
on the same constrainedoptimizationalgorithmadopted in the slow
timescale. Although the use of constrainedoptimization for solving
a nominalproblemmay appearas a sourceof unnecessarycomplex-
ity from the computational point of view, it has the advantage that
some very meaningful inequality constraints can be enforced. For
instance, in those maneuvers where control saturation may occur,
the code pursues solutions that minimize the maximum deviation
from the desired values of the output variables.

Here we consider piecewise constant controls in the interval
±t D 1t=N , where N is the number of subintervals in which uF

is to be calculated, and we remark that the output yFDES is tracked
with zero delay because only short-term dynamics are present.
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IV. Results and Discussion
The proposed technique is hereafter applied to the inverse simu-

lation of a few signi� cant maneuvers of a simpli� ed model of the
F-16 � ghter aircraft, as described in detail in Ref. 21. The model
has a Mach number limit equal to 0.6 and the aerodynamic coef� -
cients are provided in tabular form as functions of ®, ¯ , p, q , r and
the control angles. In this study, the dependence of the force coef� -
cients on the angular velocity components and on the fast timescale
control variables±E , ±A , and ±R has been neglectedaccording to the
TSS approach.11 As a further simpli� cation, the engine dynamics
has not been taken into consideration. Because the aircraft stabil-
ity and control augmentation system (SCAS) is not featured in the
model and the F-16 has a slightly negative static margin, the c.g.
has been moved forward to realize the desired level of stabilitywith
xcg D 0:30 Nc. Nevertheless,results obtainedwith the c.g. in the nomi-
nal positionat 0.35Nc, and thereforewith a staticallyunstableaircraft
model, showed negligible differences from those corresponding to
the forward c.g. location. In all of the cases reported here, a time
step ±´ D 1

64 s was used for the forward integration of the complete
set of Eqs. (2), (3), (16), and (17) by a fourth-order Runge-Kutta
routine.

As a � rst application we consider an altitude variation of the
model aircraft to be realized at constant speed in the vertical plane.
The results for this simple maneuver provide some insight into the
effects of � ltering the attitude commands in the fast-time scale. The
assigned variables are

RDDES D 0; t · 2 s

RDDES D ¡ 15
16

fcos[3¼.t ¡ 2/=5] ¡ 9 cos[¼.t ¡ 2/=5] C 8g m

2 < t < 7 s
RDDES D ¡15 m; t ¸ 7 s

VDES D 76:2 ms¡1; t ¸ 0 s

The problem is nominal in the slow timescale with two unknowns,
N® and ±T , and two constraints. The time length of the maneuver is
equal to 10 s and the values of the time intervals 1t and ±t are 1

4
and 1

32 s, respectively. Figure 1 shows the variation of meaningful
variablesandof the slow (±T ) and fast (±E ) controls.In particular,the
dashed and continuouslines in Fig. 1a show, respectively, RDDES and
the values of RD actually achievedunder the control laws that result
from the inverse simulation. Figure 1b shows the pseudocontrol N®
and the desired pitch angle µDES (dashed lines) together with the
values of ® and µ computed by the forward simulation. Figures 1c
and 1d report, respectively, ±T and ±E vs time. The latter � gure
shows how the required continuity of the fast control is realized by
the second-order � lter of Eq. (19), a further effect of which is the
small lag observable in the RD , ®, and µ plots. The noncontinuous
variation of ±E that would occur in the absence of the � lter is also
reported in the same � gure. The maximum difference between the
desired and the achieved velocity is as low as 0.5%.

The secondmaneuveris a sequenceof three turns in thehorizontal
plane to be realized at constant speed in a time interval of 20 s. The
desired variation of RE .t/ is

REDES D 200f1 ¡ [.t ¡ 11/=10]2g4 m; 1 < t < 21 s

REDES D 0 m; t · 1 s t ¸ 21 s

Fig. 1 Altitude variation maneuver, D t = 1
4 s and ±t = 1

32 s.

Fig. 2 Sequence of three turns in the horizontal plane, D t = 1
4 s and

±t = 1
32 s.

Fig. 3 Sequence of turns in the horizontal plane, effect of the time
interval of the slow dynamics ±t = 1

32 s: ——, D t = 1 s, and – – –,
D t = 1

4 s.

The trajectory is assigned in terms of V , Â , and ° as

ÂDES D sin¡1
PREDES

VDES
; VDES D 76:2 ms¡1; °DES D 0

The slowtimescaleproblemis now redundantbecausewe have three
constrainedvariables and four unknown quantities in uS . Therefore
a local penalty index is de� ned as S D N̄2 to obtain solutions where
the sideslip angle is kept to a minimum. The results for 1t D 1

4 s and
±t D 1

32 s are reportedin Fig. 2. The pseudocontrols N® and N¹ (Fig. 2a)
are given together with the achieved values of ® as obtained by the
forward integrationof the complete set of governingequationsonce
the controlvariableshavebeendetermined.The achievedslowstates
V , ° , and Â are very close to the desired values with differences
lower than 2%. Next, the attitude angles are shown in Fig. 2b, the
only differencebetween the commanded and achieved values being
a small delay because of the � lter. Finally, the control angles are
shown in Figs. 2c–2f. Note that the low amplitude oscillations that
arepresentin the ±E , ±A, and±R plots for16 · t · 18 s are completely
eliminated by using 1t D 1

8 s.
Figure3 reportstheeffectof the time intervalof the slow timescale

1t . In Fig. 3a the plots of the achieved V are presentedfor 1t D 1
4 s

(dashed lines) and 1t D 1 s (continuouslines). The computedvalues
of the RE coordinate for the two time intervals (not shown in the
� gure) are substantiallyindistinguishablefrom the desired RE , even
though a small delay (shorter than 0.25 s), because of the � ltering
of the commanded attitude angles, is apparent. Finally, in Figs. 3b–

3d we have the fast timescale controls. We observe that although
the control variables present differences as high as several degrees
(Figs. 3c and 3d), the solutions of the forward simulation in the
two cases appear quite similar, and the differences with the desired
valuesare smaller as the timescaleof theconsideredoutputis slower.
For instance, we see in Fig. 3a a maximum variation of 1.5% on V .
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Table 1 CPU time (in seconds) for the timescale
separation method

1t , s RK steps ±t D 1
4 s ±t D 1

8 s ±t D 1
32 s

1 64 16.7 15.7 17.2
1
2 32 16.8 16.1 17.4
1
4 16 17.0 16.5 17.5
1
8 8 —— 16.9 17.7
1
16 4 —— —— 18.6
1
32 2 —— —— 20.1

Table 2 CPU time (in seconds) for the local
optimization technique14

±tc; s RK steps ±t D 1
4 s ±t D 1

8 s ±t D 1
32 s

3
4 48 58.4 111.9 430.1
1
2 32 37.3 74.0 284.0
1
4 16 —— 39.3 151.3
1
8 8 —— —— 80.1
1
16 4 —— —— 43.6

Fig. 4 Sequence of turns in the horizontal plane, effect of the inverse
simulation technique: ——, local optimization (Ref. 14), ±tc = 1

8 s, and
– – – , timescale separation, D t = 1

4 s.

In Table 1 the CPU time required on a Pentium 200 MHz with
MMX for the inverse solutions of the preceding maneuver is re-
ported. Reference to the computer time for solving the same prob-
lem by the local optimization technique14 is provided in Table 2.
In the application of the method in Ref. 14, the same ±´ D 1

64 s for
the Runge-Kutta algorithm was used, and we recall that the dis-
cretization interval corresponds to the fast timescale interval ±t and
that the delay ±tc allows for the fast dynamics to subside before the
constraints are enforced. The � rst remark on the results of Table 1
regards the moderate effect of the time length of the slow timescale
interval 1t . As we said, the slow timescale inverse problem is an
algebraic one, the solution of which takes very limited computa-
tional time. For any value of 1t, the minimum CPU time occurs
at an intermediate value of ±t , i.e., ±t D 1

8 s. This fact can be ex-
plained when the effect of the initial guess on the convergence of
the inversionalgorithmat each step in the fast timescale is taken into
account. In fact, the convergedvalues of the fast control variables at
any step are used as � rst guesses for the inverse solution at the next
step. Therefore, a shorter ±t produces better initial guesses that in
turn determine a reduction of the number of iterations necessary to
obtain a converged solution. On the other hand, when ±t becomes
very small, the total CPU time is increased because of the much
higher number of steps.

As for the results obtainedusing the local optimizationmethod,14

we observe that the CPU time is larger at least by a factor of 2.5.
Furthermore, it has to be pointed out that the solutions with shorter
delays present marked oscillations in the control angles. For in-
stance, the control laws obtained using the shortest time delay, i.e.,
±tc D 1

16 s (CPU time equal to 43.6 s), show oscillationshaving such
a high amplitude that the aerodynamic controls saturate. In this re-
spect, Fig. 4 reports some comparisons of the inverse solutions as
computedby thepresenttechnique(dashedlines,1t D 1

4 s, ±t D 1
32 s,

CPU time equal to 17.5 s) and the method of Ref. 14 (continuous
line, ±tc D 1

8 s, ±t D 1
32 s, CPU time equal to 80.1 s). The amplitude

of the oscillationson ±A and ±R , visible in Figs. 5c and 5d for the lo-
cal optimization technique14 (continuous line), can be signi� cantly
reduced provided that a delay ±tc of at least 1

4 s is used. In this
latter circumstance the CPU time grows as high as 151.3 s and, in
comparison, the TSS method is faster by a factor of 8.6.

To illustratehow the presentmethod deals with control saturation
we determine the control laws to realize the following maneuver:

REDES D 318f1 ¡ [.t ¡ 8/=7]2g4 m; 1 < t < 15 s

REDES D 0 m; t · 1 s; t ¸ 15 s

with VDES D 152:4 ms¡1 and °DES D 0, which again represents a se-
quence of turns at constantspeedand altitude.During the maneuver,
control saturation occurs because of amplitude and rate limited ac-
tuators. In particular,the rate limit (P±s ) is 60, 50, and 120 deg s¡1 for
elevator, ailerons, and rudder, respectively.22 The upper and lower
amplitude limits (±su , ±sl

) are §25, §21:5, and §30 deg for ±E , ±A ,
and ±R , respectively.Therefore, the constraintson the controlangles
are given by expressing their maximum (±max/ and minimum value
(±min/ in the following form for the j th interval of constant control,
with 1 · j · N :

.± j /max D min ±su I ± j ¡ 1 C P±s ±t

.± j /min D max ±sl I ± j ¡ 1 ¡ P±s ±t

We observe in Fig. 5, where the results obtained in the absence of
rate and amplitude limiting are also reported for comparison, that
rate saturationoccurs at t D 5:6 and 10.8 s for the ailerons and about
0.2 s later for the rudder. The sharp variation of the rudder angle
is because of the request for a larger roll moment when the aileron
angle is rate limited so as to minimize the mean square deviation of
the Euler angles from the prescribed values.

The � nal considered maneuver is a 360-deg aileron roll to be
executed on a straight trajectory and maintaining a constant speed.
This case presents some peculiar aspects for the application of our
two timescalemethodbecause,as we said in Sec. III, we have k1 D 0
and k2 undetermined.Of course the law ¹.t/ is also to be assignedto
have the aircraft roll. Also, when the maneuver is carried out rather
slowly as in the present circumstance where the roll takes 11 s,
not negligible lateral forces are to be generated during the vehicle
rotationto sustainthedesired� ightpath.Thereforethe full controlof
the slowand fastdynamicsis not a trivial task sincethe fast timescale
control variables must react in a very precise and prompt fashion
for the accurate tracking of the slow timescale pseudocontrols.The
aileron roll is realized by constrainingthe bank angle ¹ as follows:

¹DES D 0 deg; t · 1 s

¹DES D 180f1 ¡ cos[2¼.t ¡ 1/=10]g deg; 1 < t < 11 s

¹DES D 360 deg; t ¸ 11 s

Because there are four unknowns for the slow timescale problem,
namely N®, N̄, N¹, and ±T and, consequently, three degrees of redun-
dancy, a cost function S D 100.V ¡ Ve/

2 C Â 2 C ° 2 is introduced,

Fig. 5 Sequence of turns in the horizontal plane, effect of control sat-
uration, D t = 1

4 s, ±t = 1
32 s: ——, rate and amplitude limited controls,

and – – –, no limits on rate and amplitude.
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Fig. 6 Aileron roll, D t = 1
4 s, and ±t = 1

32 s.

where Ve D 154 ms¡1 , and the angles are in degrees. The inverse
problem is solved with the usual 1t D 1

4
s and ±t D 1

32
s. Figure 6

shows the results for this maneuver.Note the saturationof the rudder
angle in Fig. 6f at t D 3:4 and 7.1 s. This circumstanceis responsible
for the difference between the desired and achieved values of the
pseudocontrols N® and N̄ visible in Figs. 6a and 6b. The computed
velocity V and the bank ¹ and roll angle Á are not shown as they
present negligible variations from the desired values. The displace-
ment of the achieved � ight path from the straight line is as low as
4 m at the end of the maneuver.

V. Conclusions
In this paper a two-timescaleprocedurefor the inverse simulation

ispresented.The methodologyrelieson the integrationapproachand
eliminates some disadvantages and limitations of that technique,
where the partial differentiation of output variables with respect to
control inputs is often a critical task when systems with multiple
timescales and right half-plane transmission zeros are dealt with.

The presented results show that the method allows for a substan-
tial reductionof computer time in comparisonwith existing integra-
tion techniqueswhile maintaininggood characteristicsof numerical
accuracyand robustness.Controlsaturationis accountedfor at either
the slow or fast timescales, and the situations where the number of
controls exceeds the number of constrained variables are very ef� -
ciently dealt with by assigning proper performance indexes in only
one or both timescales, depending on the aircraft model and the
simulated maneuvers.

As a � nal observation, we remark that the timescale separation
eliminatesunwanted effects on the numericalstabilityof the inverse
simulation algorithm associated with the static instability of the
model. Such effects, in some circumstances,prevent the application
of integration techniques to baseline models of high performance
aircraft where, to analyze the maximum performances of the basic,
aerodynamic con� guration of the vehicle, the stability and control
augmentation system is not featured.
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